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NONLINEAR STABILITY OF ASYMPTOTIC SUCTION!
BY
MILAN MIKLAVCIC

ABSTRACT. The semigroup approach to the Navier-Stokes equation in halfspace is
used to prove that the stability of the asymptotic suction velocity profile is
determined by the eigenvalues of the classical Orr-Sommerfeld equation. The usual
obstacle, namely, that the corresponding linear operator contains 0 in the spectrum
is removed with the use of weighted spaces.

1. Introduction. A flow over a plane y = 0 in R® given by
Ulx,y,z)=(1—e?,-1/R,0)

is called an asymptotic suction velocity profile [12]. R > 0 is the Reynolds number.
U satisfies the Navier-Stokes equation

dv 1 )
E“F(v' V)v:—Vp0+EAv, dive =0,

with p, = 0. In the present paper it is proved that the stability of U for small
perturbations which initially decay exponentially in the y direction and are periodic
in the x and z directions is governed by the eigenvalues of the classical Orr-Sommer-
feld equation [1, 8, 12]. For precise statements see Theorems 4, 5,9 and 15.

Rigorous nonlinear stability analyses for flows in (essentially) unbounded do-
mains are usually based on energy methods [3,4,5,13], and predict sufficient
conditions for global stability [8]. Recently, Galdi and Rionero [6] proved a universal
sufficient condition for global stability and it applies, in particular, to the asymptotic
suction. However, much importance is attached to (conditional) stability analysis of
some special flows over an infinite flate plate [1, 8, 12]. In these cases the most widely
accepted stability analyses are based on studies of the eigenvalues of the Orr-
Sommerfeld equation [1, 8, 12], but no rigorous justification was known.

Let h, denote the function h (x, y, z) = e™®” for y = 0 and a € C. Assuming that
w > 0 and that

v = (1 - hl + hwul,—l/R + hwuz, hwu3),
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216 MILAN MIKLAVCIC

Po = h,p is a solution of the Navier-Stokes equation, we find the following
equations for u = (u,, u,, u;) and p:

du 1 2w — 1 du du
ot R u+ R '5;4‘(1 hl)a'f'

dp 0 0 ou du ou
+(hlu2+ P l—wp —p)+hw( +u2($—wu)+u35-z—)20,

(0_0)2

R

u

9x’ dy > 0z “1ox
du, du; du, .
R

This set of equations (perturbation equations) will be studied in the present paper.
As mentioned above, ¥ and p are assumed to be periodic in x and z. In §2 the
Fourier components for « and p are analyzed. The full problem is studied in §3. In
§3.5 the corresponding abstract semilinear parabolic equation is introduced and
analyzed. In §3.6 it is shown that all solutions of the abstract problem are infinitely
differentiable in time in the classical sense. In order to preserve simplicity no
attempt has been made to obtain classical spatial smoothness [2]. Therefore, the
results presented in §3.5 apply to the perturbation equations, provided that the space
derivatives are obtained by termwise differentiation of the Fourier series.

I am indebted to M. Ahrens, R. C. DiPrima, G. P. Galdi, D. D. Joseph, S.
Rionero, H. Weinberger and P. F. Zweifel for several illuminating discussions.

2. Fourier components.

2.1 Preliminaries 1. Throughout 3¢ (9(’) denotes the Hilbert space L%(0, o0)
(Jj-fold product of L*(0, 0)) and || - || represents either the norm in JC or I(,
depending on the context. The set of all complex valued functions which are
absolutely continuous on [0, a] for every a > 0 is denoted by € C.

Several operators on JC appear frequently and are defined as follows:

W) ={feecnAf eX}), Tf=f,
NT,) = {f € NT,)1/(0) = 0}, Tf=f,
WUT) = (/€ AT)IT/€AT)). T/="
For Re(z) > 0 define F(z), G(z) € B(I() by
(F()g)(x) = [ g(s)ds. (G(2)g)(x) = [ "o g(s) ds.

In the obvious manner define operators T\, TV): 3/ - I/ by
Tl(j)lee...@Tl and T(f):T@...@T.

Observe that F(z) = (z + T,)"" and G(z) = (z — T,)™" for Re(z) > 0. The function
h(x)=e“* a € C, x>0, will be usually considered as a multiplication operator
on JC with its maximal domain.

LEMMA 1. Suppose{ € C,y ER,R>0and S =T/R + 2y — DT,/R + & Then:

(@) z € o(S) iff RAm(z — £))> < 2y — 1)*Re(z — £) and Re(z) = Re(£).
(b)Ify= 3 theno,(S)= .
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(© Ify <} then z € o(S)\o,(S) iff R(Im(z — §))* = 2y — 1)’Re(z — §).
A Ifz&ao(S)andt = \/(y — 1)’ = R(z — &) with Re(t) =0 then (S — z)™' =

RF(t —y+ )Gt +y— 1)
@ If y=13%, ¢€(0,7/2], r>0, a<Re(¢)— (Im(¢)|cos¢ + r)/sing and

|arg(z — a)|E€ (¢, 7] then z & o(S) and
1

-1
(s —z) <<
o 1 [Im(§)|+r
(s —z) ||<|z—a| rsin ¢
-1
N17(S — z) ”gsincp‘

Proor. Conclusions (a) through (d) are obvious. Using the spectral resolution of T
one can easily obtain

(T —z)"| < 1/|]Im(z)| ifRe(z) =0,
1/|z] if Re(z) <0,
and
_ Im(z)]| if Re(z) =0,
IR 1177
e {‘ if Re(z) <0.
These bounds imply (e).

From now on it will be assumed that «, 8 ER, w, R € (0,0), A = Ja? + B2 €
{0} U (w, o) and

_ 1 20— 1 N+ow—w | .
S=§T+ R T, + R + ia.

The following technical lemma is needed.

LEMMA 2. Suppose that ¢ € (0, 7 /2] and

a<_g\2__ SA+4 17]0° — 0| +4
T 2R sin ¢ Rsin? ¢ )
If|arg(z — a)|€ [¢, w] then z & o(S) and

4R 1

S—2)ls—2—— W(S—-2)<s—0——,
I z)n8R+¥m¢ I( z)”zu+n
vl 4 -l 8
IS =) < r=gramg 1S~ I<i7rme

_ 2R
IT(S — 2)7'|I <

sing
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PRrOOEF. Define

 Nsin 116~ 0] 44 | 0—o?
= SR +5A+4—|ajcos¢ + Rsin¢ R
1 N+ w—w?
SI—ET+T+W z.
Lemma 1 implies
R 1,2
ITSTH < ISTIM2ITS Y2 < ( rsin¢)
So that
i 20 =12 )"
szx TS ” <3 (-2 =s(1+ 2=

Bounds on S, as given by Lemma 1 imply Lemma 2.
2.2 Pressure.

THEOREM 1. For every v = (v,, v,, v3) € JC° there exist a unique u = (uy, uy, uy)
€ 3C° with u, € )(T,) and a unique p € N(T,) such that

v, =u, +iap, v,=u,+ (T — w)p,
vy =uy +ifp,  iau, + iBuy + (T, — w)u, = 0.

Moreover, if A =0 then u; = v,,u, =0, u; = v; and p = -G(w)v,; and if A > &
then
p=FA—@)G(A+ @)vy — (1/A)G(A + w)vy — (1/A)F(A — @)(vy — Av,),
u, =v, —iap,
=AF(A — 0)G(A + w)vy — F(A — w)(v, — Avy),
=v; — iBp,
where vy = Av, + iav, + ifv;.

PROOF. Do the obvious thing.

Let p, u and v be as in Theorem 1. Define P: IC° - > and II: I* - I by
Po=u and Mv=p. Let M be the range of P, ie. N = (ue€ I u=
(uy, uy, u3), u, € N(T,) and iau, + iBu;s + (T, — w)u, = 0}. Clearly, 9N is a Hil-
bert space.

THEOREM 2. (a) If A = 0 then || B|| = 1 and ||TT|| = 1 /0.
(b) If A > w then || P|| < SN2 /(X — w?) and ||T1|| < 4A /(N2 — w?).

PROOF. Note that ||F(z)|| =||G(z)|| = 1/Re(z) for Re(z)>0. This fact and
Theorem 1 imply (a). Let p, u, v and v, be as in Theorem 1 and assume that A > w.
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Define a = \/||v,]|> + ||v;]12, 50 that ||vy|| < A(|v,]| + @) and ||v, — Av,|| < Aa. Hence

A 1
lpll < )\—z_—wz(”%” ta) + (ol +a) + y——a

- W

v 2
< ——AZ"_“QZ JeA — o) + 9x,

2
a2 + sl < (loall + llepl)® + (losll + 1BpI)* < (a + Ap)
Nloll \?[(, _ @)? ( (@ 2)2
<(>\z_wz (2-5)+{+-(3)
and

u,|| < V|| + as<
” 2”\ Az_ ” 2” A _w Az_wz

2 2 2 2
X 202 + WA Aol 1+(2+§)

These bounds give part (b).
2.3 The linear operator. In accordance with the perturbation equations define A:

93 - IC° by
(Au), = Su, — iahu, + hu,,
for u = (uy, uy, u3) € D(A) = N(T) X N(T) X O(T). Define A4,: N - 9N by A u
= PAu for u € V(4,) = D(4) N K.
THEOREM 3. If « = 0 then 0,(A,) = 0,(S) and o(4,) = o(S).

THEOREM 4. If a # O then

(@) a(S)\o, (S) C o(A ), and

b)if z € o(A )\o(S) then z is an isolated eigenvalue of A , —2/(1 + 20?2 <
Im(z)/a <1 and

)\2+y—72_ || ( 2A

1
Rc(z)>max{ R T+2A }\+y+l+)\—y+l)|Y€R’

ly = 1/2|<S|w — 1/21}-

THEOREM 5. If @ € (0,1) and Re(z) <O then z € o(A,) iff there exists ¢ €
L?(0, o) such that:

(1) ¢"" — 2N¢" + N = —¢” + N¢' + R(ia — iah, — z)(¢" — No) +
iaRh$,

(2) 9(0) = ¢'(0) = 0,9 = 0,

() [Fe*|AD(x) + ¢V N(x) P dx < o0 for j =0, 1,2.



220 MILAN MIKLAVCIC

THEOREM 6. If ¢ € (0, 7 /2],
N SA+4 1Te—o’|+4

4=5R sin ¢ Rsin® ¢
and |arg(z — a)|E [, 7] then z & o(A,) and
||(,=ip - z)ﬂlll < SR :6}\§Sin¢ |; i :|’
(4, =)= —arsme
M&-wYW<uéi¢&t:r

i _ o\ \22R At w
T (AP z) ”<sin¢|}\-—w|'

Theorems 3-6 will be proved in §2.4 for the case A = 0; and in §2.5 for A > w.
The techniques used are similar to those in [11]. The essential observation is made in
§2.5, Lemma 4. Much more could be said about the spectrum, see [10, 11].

THEOREM 7. Ifz € C,t > 0, ¢ € (0, 7/2) and

A2 SA+4 170 — &?|+4
as 5 — —— -
2R sin ¢ Rsin? ¢

then

14 At w
sin? pcos ¢ |A — wl®
Iz]+11 A+ w 1
singcos¢ |A — w|7e

-at
’

lle=4ll <

-at

(A, + z)e ) <

PROOF. Let a, <a and ¢, € (¢, m/2). For x € R define y(x) =|x|cos ¢, —
ixsin¢, + a,, so that

L[ Retereon o - 1 —ayt

27Tfne ly'(x)ldx = ‘7TtCOS¢|e E
By Theorem 6

A -l Atw 16 1
—A < - .
(v(x) = 4,)"I "ol né (a=a)ene.
Hence [7,9]
||e"fp’|| < A ow 16 1 —an

N — w| wsingsing, cos ¢, (a — a,)t
Now let(a —a,)t = 1and ¢, — ¢.
By Theorem 6

Iz + v())(v(x) = 4,) Il < |; i Z| (2|z| + si3nz¢)
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and hence

Ao |zlF11 1
A — w| singcos ¢, ¢

2.4 Case A = 0. Observe that in the case A =0, 9= {v = (v,,0,v;)|v},v; €
9C3, (Au), = Su,,(Au), =0, and (Au), = Su, for u € GD(/fp). Thus, Theorem 3
holds. Lemma 2 implies Theorem 6. If w € (0, 1) and Re(z) < 0 then z & o(4,) by
Lemma 1. It is easy to see that if Re(z) < 0 then there is no ¢ € L*(0, o0) for which
conditions (1)-(3) of Theorem 5 hold.

2.5 Case A > w. Define W: 9 - I? by (Wu), = Bu, — au, and (Wu), = Au, —
iau, — ifu,, where u = (uy, u,, u3) € N.

LEMMA 3. |W| =X, W' exists and W' = VN + o /(MA — w)). If w=
(wy, w,) € K2 then

~ayt

(4, + z)e'/fn'|| <

iaw, + Bw,
AZ
(W'w), = F(A — w)w,,

(Wlw), = - LR = o)m,,

iBw, — aw,
)\2
Furthermore, W(GD(/fp)) =0)(T) X ST)andifw € N(T) X S)(T) then

]/ 2 2
TOW -yl < Nt TOwll + 1/ —2— (T wl /4] wl[ /%
I wl < A — o) 17wl N — o 17w lwl

PROOF. Suppose that u € 9 and w = Wu. Then ||w||> = A|ju||> — 2Aw||u,||> and
Ajul)? = |[wl* + 2A@||[F(A — @)w,||%. If w € D(T) X D(T') then

TOW 'w — W-'TOy = (—ﬂv, v,—ﬁv)

(W'w)y = - %F()\—w)wz.

A A

where v = (TF(A — ) — F(A — 0)T)w, = -wy(0)h,_,. By Hoélder’s inequality
| w3(0) |< V2 ||Tw,||3/%||w,||'/* and therefore

2
ITOW " w — WITOw|| < Vi— o ITw, 1274 w2

Define D: 3> — (2 by
(Dw), = (S — iah))w, + BhF(A — w)w,,
(Dw), = (S —iah; + 2iaAG(X + w)h, F(A — ) — iah, F(A — @))w,
for w = (w,, wy) € D(D) = D(T) X N(T).
LEMMA 4. 0,(A,) = 0,(D), 0(4,) = o(D) and (4, — z)"' = W-(D — z)"'W for
z &€ o(D).

PROOF. By Lemma 3 it is enough to show that Wffpu = DWu for all u € D(A »)-
Letu € D(4,) and v = Au. Then

(fipu)l =v, —iap = (S —iah)u, + hju, — iap,
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("ip“)z =0, = (T, —w)p = (S —iah))u, — (T, — w)p,
(/fpu)3 =vy;—iBp = (S — iah,)u; — iBp,
for p as in Theorem 1. u, = F(A — w)(Wu), by Lemma 3 and therefore
(WA, u), = (DWu),,
(W./fpu)2 = (S —iah))(Wu), — iah F(A — @)(Wu), — A(A — w + T)) p.

A simple computation of (A — w + T;)p finishes the proof.
Define B,,, B,,, By, € B(I) by
B, = -iah,, B, = BhF(\ — w),
B,, = —iah, + 2iaAG(A + @)h, F(A — w) — iah F(A — w)
2iaA j

= —iahl + mhlG(A + w+ l) -

ia
1+2A

F(A—w+ 1)h,.

Denote

_ B,, By,
BM_(O B,,

and S@ = (§2), D(SP) = D(T) X (T). Therefore D = S® + B,,.

LEMMA 5. (a) 6(S)\0,(S) C a(D).
(b) If z € o(D)\o(S) then z is an isolated eigenvalue of D.
(©) 0,(S + By)) U (6,(S + By)\a(S)) Co,(D) Co,(S+ Byy) Uo,(S+ By).

PROOF. B,, is bounded and S®-compact since h, € L*(0, 00) N L*(0, 00) [9]. This
implies (a) and (b) [9]. It is easy to verify part (c).

If a = 0 it is easy to see that (D) = o(S) and g,(D) = 0,(S) (also by Lemma 5).
This proves Theorem 3. Lemmas 4 and 5 also imply Theorem 4, except for the
bounds on the eigenvalues.

LEMMA 6. Suppose thaty ER, |y — 3 |<|w — 3 |and z & o(S).
(a) If z € 0,(S + By,) then there exists g € °)(T'), g # O, such that
— 2 2
g = (%T—l— 27R Ly 4 A +; Y
2iaA ia
A WG+ 7+ 1) = TP =y + l)h\)g.
(b) If z € 0,(S + B,)) then there exists g € (T), g # 0, such that
(1 2y — 1 N+y—7v2
zg = (R T+ R T, + R
(©) If 1 + v — w = 0 then the converses of parts (a) and (b) hold.

+ia — iah,

+

PRrOOF. Define £ = \/1/4 + A + R(ia — z) and note that Re(¢) >|w — 3|. Ob-
serve also that if Re(s) >0, Re(s +a) >0, f€ ¥ and h,f € K then h, F(s)f =
F(s +a)h,fand h ,G(s + a)f = G(s)h,f.
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Suppose that z € 6,(S + By, ). Lemma 1 implies that there exists f € NT), f+#0,
such that

f=-RF(¢{—w+1/2)G(§+ w—1/2)h Y
where

. 2ia\ ’
.p:(—m+ l_:_az}\G(A-t-w-%- 1) - +a2AF()\—w))f.

This implies that
f: _Rhy—wF(g -Y + 1/2)G(£ + Y~ 1/2)hl—y+w¢'
Ifg=h,_, fthen

2iaA
g=-RF(§—y+1/2)G(¢+7y— 1/2)(—iah, + 9 J’r"‘z}\h GOA+y+1)

1+2AF()\—7+ Dh,|g

and this proves part (a). If 1 + y — w = 0 then one can go backwards in a similar
way. The same proof applies for part (b) and its converse.
The following lemma completes the proof of Theorem 4.

LEMMA 7. (a) If z € op(S + By, )\o(S) then a # 0, -2 /(1 + 2)\)2 <Im(z)/a <1
and

Xt+y—vy2 e 20 1
Re(z)>max{ R I+ 27 1+>\+y+)\+1—y)|YER’

ly — 1/2]|<o — 1/2|}'

(b) If z€0,(S+ B )\o(S) then a#0, 0<Im(z)/a<1 and Re(z) >
(M + 1/4)/R.

PROOF. Suppose that y ER, |y — 3|<|w — 3| and z € 0,(S + By)\o(S). By
Lemma 6 there is g € )(T'), g # 0, such that

2y~— 1 )
(T\g, g) —ia(h,g, g)

Nty —y? 1
(2= ia = 22T g = qiman? +

2ial
+1+2)\(h G(A+vy+1)g,g)— l+27\(F(}\ y+ 1hg, g).
Therefore
N+y—y PR Ll A 4 lal  Jal?
(Re(z) R )” = T Aty 1 TE A=y 1
By choosing y = 4 one obtains
Im(z) , 2\ 3
(-a_ I)Hg” ——(hlg’g)_i_ 1+2)\RC((}I|G(}\+ E)g,g))

_ﬁ_—]—z—)\Re((F(A-F Dhg. g)).
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If f=h,,,g then
I 2A(A + 1
——mtf‘z)llgll2 =((1=h)g.g) + 1(+—2)\)IIF(7\ + DfI?

Re((F(A + 1/2)h\g, g)) > mumﬁ

1
T1+2A

I A(A
(12 gz = g+ BOLD im0+ )7 - JA5F0 R

2\ 1 "
<(“1+ 1+2>\>\+1)”f” <0.

LEMMA 8. Suppose that w < 3 and z & o(S). Then z € 0,(S + B,,) iff there exists

¢ € L*(0, 00) such that:
(1) ¢ — 20" + N'¢ = —¢" + N¢’ + R(ia — iah, — z)(¢" — N¢) + iaRh,p.

(2) ¢(0) = ¢'(0) = 0,9 = 0.
(3) [ZPeX | Ag U x) + ¢V (x) P dx < o0 forj = 0,1,2.

PROOF. Suppose that z € 0,(S + B,,). Let g be as in Lemma 6(a) with y = 5.
Define ¢ = F(A)h, ,8. A straightforward computation shows that ¢ satisfies the
above conditions. The converse statement follows from Lemma 6 in a similar way.

Thus, Theorem 5 is proved. Theorem 6 follows from Lemmas 3 and 4 and from

the following observation.

LEMMA 9. Suppose that ¢ € (0, 7 /2],
_N A +4 e — o +4

9T 2R sin ¢ Rsin’ ¢
and |arg(z — a)|€ [¢, w]. Then z & o(D) and
_ 16R _| 16
D—z)'|l<s——————, (D—: < —,
0= 2)1= oo 0 =2 1= s
-l 32 &(n_ 'y < SR
10D =)< g TP =2 1= oo
PROOF. Recall that D = §® + B,, and note that
I1Byll> < I1Bull> + 1Bpll* + 11By,lI
2
A 2A + A 1

2 2
S« tp +()‘+ ATIAtwtl  ATIA-wtl
2
<N+ (A+ 1)2<(%(A+ 1)) .
By Lemma 2 || B,,(S® — z)7"|| < ||ByIII(S — 2)7'|| < 3 so that

_1\-1
(1 + By (S? —2)") | <4.
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3. Solution.

3.1 Preliminaries 11. Fix ag, By € (0,00) and let @ =[0,27/a,] X [0, 00) X
[0,27/B,). Denote by ||| - lll the usual norm on either 3, = L*(2) or (3. L*(2) and
(L*(R))® norms will be denoted by ||| -lll,, with convention that [||ulll,, =
max, {llu, oo} for u = (uy, uy, uy) € (LR))".

For n,m €Z and x, z € R let ¢,,(x, z) = e"***mPoz_ Recall that if f,, € H
for n,m €Z and 2, || f,mlI* < oo then 2, £, (¥)d,m(x, z) defines an f € I,
Moreover, every f € ¥, can be uniquely expressed in that way. Thus, one can define
o) € B(ICy, IC) forn, m € Zby Q) f = f,,.. Observe that for every f € I,

(r) SIow f112.

OBO nm

Define Q,,,, € B(I3, H*) for n,m EZ by 0, f = (O f1, Q) /o, O f;) for

f= s fos 3) € K.
Choose any w > 0 such that w < &; = min{a,, 8,}. R € (0, ) is the Reynolds
number. Fix any n,m € Z and let a = nay, B = mpB,. Now, for these numbers

a, B, w, R define
Ao = Va? + B2 € {0} U (w, ),

fiz =

II,,=1I asin§2.2,
A,,=A asin§2.3,
Apym = A, asin§2.3
AN, SA,,+t4 17eo—o*| +4 bd
nm(¢) 2R sin¢ Rsin2¢ fOI'qu € (O» 5]

3.2 Pressure. Define (“gradient”) Cy: 3¢, — (g by
(1) f € D(Cy) iff Q) f € (T,) for all n, m € Z and

2ITQM. fIIF + (n* + m?)IQ%), f112 < oo.

2) Q,,Cof = (inagQN) f.(Ty — w)QL) £, imB,QY) f) for all n,m € Z and all
fE€DC,).

Define (“divergence”) C,: 33 - I, by

N f=wh ) €DC) iff Q) f, € )(T,) for all n,m € Z and

S allinao@, £y + (T, — @)QU,  + imBoQW, £ < oo.

() QOC\ f=inagQ0) fi + (T, — w)QU) f, + imBy Q) £y for all f € D(C,) and
alln, m € Z.

The basic working space will be X = {f € 9(C,)|C, f = 0}, equipped with the
92 norm. Clearly, if f € 33 then f € X iff Q,,, f € N, for all n, m € Z.

THEOREM 8. For every v € I(J there exists a unique u € X and a unique p € D(Cy)
such that v = u + Cyp. Moreover, Q,,u=P, O, vand Q) p =11, 0, v for all



226 MILAN MIKLAVCIC

n, m € Z. Furthermore,
2

« 1 4a
'2|||v||| and |||p|||<|||vl||maX{—, ' }
—w 3]

lulll <
a; a,2 — w?

PROOF. See Theorems 1 and 2.

Let u,v and p be as in the theorem above. Define P € B(I(;) and II €
B(IH3, I,) by Pv =u and Ilv = p. Observe that Q,,,P = P,,.0,, and Q) II =
I1I1,,0,.,foraln, meL.

3.3 The linearized operator. Define A: 3] — I by

(1) u€eD(A) iff Q,,u€c€NT?) for all n,mEZ and I
(n* + m*)|Q,, ,ull* < co.

) Q,,,Au=A4,,0,,uforalln,m € Z and all u € D(A).

Define A,: X — X by )(A4,) = D(A) N X and 4,u = PAu for all u € °N(4, ).
Observe that for all u € (4, )and alln,m € Z, Q,,mu € 9(4,,,)and Q,,4,u =
A u.

pnm¥Xnm

ITQ,,ull* +

nm|

THEOREM 9. (a) 0,(4,) = U, 0,(4,,,),0(4,) = U, 0o(4,,,)

(b) If ue X and z & o(A,) then Q,, (A, — ) lu= (Appm — 2)7'Q,,u for all
n,m€Z.

(©) If z & o(A,) then A(A, — z)™" € B(X, ().

(d) If¢ €(0,7/2],a < min,,(%,, ()} and|arg(z — a)|E [¢, 7] then z & o(A4,),

a +w
A, - <2-!
(4, = 2) =25 =,
-1 16 a tw
- <
”(Al’ z) I |z—alsing a; — w "’
PROOF. It is easy to see that a,(4,) = U, 0,(4,,,) and that U, 0o(A4,,,) C

o(A4,). Fix z & U,m o(Ap,,,,,) By Theorem 6 there exists ¢ € (0, oo) such that
(1 +n®+ m»(4,,, —2)"'||<cand ||T‘3’(Ap,,m —z) || < cforall n, m € Z. This
implies that sup,,{[l4,,(4,m — 2)° Il < oo. Thus, if 4;: X — X is defined by
QumAi0 = (Appm — 2)° 'Q,,.0,0 € X,n,m € Z,then 4, € B(X), 44, € B(X, 3C3)
and A,v € (4,) for all v € X. It is easy to see thatA,(A —z)C (A —2)4, =1
and hence 4, = (A » z)~". This proves conclusions (a), (b) and (c). Part (d) follows
from (b) and Theorem 6.

THEOREM 10. If ¢ >0,y >0,a <infRe o(Ap), nm€EZ and u € X then
o€ ru = e Mrm'Qwand Q,,(A, — @) u = (A,,, — a) QU

PROOF. Define Q,,, € B(X, N,,,) by Q,,,0 = Q,,v for v € X. Then, for a
suitable path in C [7,9], one has

Qpnme_Ap[ = ﬁQpnm (Z - Ap)-le_” dZ
1 1
= 5 [(2= 4,,) €0, dz
= e_Ap"thpnm
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Similarly [7],

Q (A _ a)-Y — _I_‘Q wsy—le-(Aﬂaa)sds
pnm p F('Y) pnm o

_ L-/-ocsy—le—(Ap,,n,—u)sQ ds
T(v) % o

— Y
- (Apnm - a) Qpnm‘
3.4 The nonlinear operator. A simliar version of the following theorem can be

found in [2].

THEOREM 11. If y > § and a < infRe o(A,) then there exists ¢ € (0, ) such that
for all v € X, (4, — a) 0l < clllvlll

PrROOF. Define a norm on (L*(0,0))* by |u|, = max {||u;l|,} for u=
(1), Uy, u3) € (L2(0, 00))’. Note that if f € N(T) then || f||,, < V2|ITf '/ F1*/.
Fix ¢ € (0, 7/2) and s < min,,,{=,,(¢)}. Then

—s5)" )l A3
tllo < V2UTO( Ay = 5) " (Apuy — 5 )ull/4l1ul
VR a + 0| e
= \/5( sing o, — w ) “(Apnm S)u” [lul|

—_ 3/4
= coll( Ay — s)ull'/*llull®”

pnm

for all n,m € Z and all u € 0(4 pnm)- Now, following [7], let I, be the identity
map from 9, into (L*(0, 00))’. Clearly, 1,, is a closed linear operator and
I, "»'u is a continuous function of  for r >0 and u € 9¢,, . Hence for every
u € 9N, the following holds:

o ¢]
f ty_I”Inme’—("'pnm—s)’l.llloo dr
0

oC
< Coj(; ty_lll(Apnm — s)e-(A,mm“S)lu”1/4”e-(f4,,,.m—s)tu“3/4 dt

1/4 3/4
< |Iu||60foot7“‘( I‘SI gL ) 2 i 2 eG=Zmot gy
o tsin ¢ cos ¢ sin® ¢ cos ¢ ® T w

= ¢ llull(Z,,(¢) —5)""* 7.
The last inequality is implied by Theorem 7. Therefore

/74—y

Mo Apam = $) "l < c2(Z,n(6) = 5)7" 7 ul
foralln,m € Z and all u € 9N,,,. Therefore, for every v € X
A, =)ol < 2N Qum( Ay = 5) " 0llay = My Apn = 5)7 QoL

— 1/4—
<6, 2 (Z,(0) =) N0l < cslllolll < oo
nm
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The following observation concludes the proof [7]:
(A4, —a) "ol =(A4, = s)7 (4, —s5)"(4, = a) vl < clllvlll.
Define B;: 33 — ¥ forj = 1,2 and 3 by
D(B,) = {4 € IG SHNQ il < 20| QpByt = ineQ,

nm

V(B,) = {u € Kol Qumtt € D(T), ZUTLVQ, ] < oo],

nm

QntZu = Tl(a)Qnmu’

V(By) = {u € I S M0l <) QB = imBoQ,

The following theorem is similar to the preceding theorem and its proof is based
on the same ideas [2,7].

THEOREM 12. If y > 4 and a < inf Re 6( A) then there is a ¢ € (0, w0) such that for
allv € X andj=1,2,3, B4, — a) "ol < clllvlll

Proor. Fix ¢ € (0, 7/2) and s < min,, ,{=,,(¢)}. Theorem 7 implies that for all
n,meZ

— <\ Y= p~(Apum—3)t
(A pum = 5)7 r( oy b e | dr

+ 14 - _
<nT? (Z,m() — )7

a; — @ sin® ¢ cos ¢

This proves the theorem for j = 1 and 3 (and also for y = 1/2). Observe that for
n,m € Z and ¢ > 0 the function ¢ - T)e 4’ is continuous. Theorems 6 and 7
imply that

”T](3)e-(f1ﬂ,.m—s)f” < ||T(3)e-(A,,,,”.—S)l”1/2'|e-(Ap,.n.—S)I||1/2

1/2
< 22_R a +w ||(A _ s)e-(Ap,m,—s)z”I/lee—(A,,,,,,,—s)t“l/Z
sin¢ a — w pnm
< o171/ 2" Eunt#) =5
where ¢, does not depend on n, m € Z. Therefore, foralln,m € Z

. Ty =1/2),_ .
T A= )71 = S ) =)

which proves the theorem for j = 2.

Fix any a < inf Re 6(A4) and define [7] for y = 0 a Banach space X with norm
-1, by X* = D((4, — a)") and IIXIIy = llic4, — a)xlll.

For u = (4, uy, uy) € XY,y > 3,andv € Xs 8 > 1,2, define B(u, v) € I} by

B(u,v) = (h u,)B,v + (h,u,)(B, — w)v + (h u;y)Bsv
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and let B,(u, v) = PB(u, v). Clearly, B is a bilinear operator and for every y > 3
and 6 > 3 there is b such that [[[B(u, v)lll < b||u||,||v]|; for all ¥ € X" and all
v € X%

3.5 Stability. For 1, € (0, o] define a set 5(1,) by x € 8(¢,) iff:

) x € C([0, 1p), X),
(i1) x(1) € D(A) and dx(r)/dt exists in X for all t € (0, t,),
(iii) for all ¢ € (0, ¢,) there exists p(¢) € D(C,) such that
dx/dt + Ax(t) + B(x(1), x(1)) + Cyp(t) =0,

and

(tv) B,(x(1), x(2)) is a locally Holder continuous function of ¢ € (0, ¢5) and
JNIB,(x(s), x(s)lll ds < oo for some 1 > 0.

By Theorem 8§, (iii) can be replaced by

(1i1') dx(1)/dr + A,x(1) + B,(x(1), x(¢)) = 0 for all 1 € (0, 1)
Therefore, the results of D. Henry [7] are directly applicable.

LeEMMA 10 [7). If x € S(t,) then x € C((0, t,), X°) for all § €[0,1] and for all
t€1[0,¢))

x(1) = e#'x(0) — fo ‘e~ 4=9B (x(s), x(s)) ds.

Define 5(¢,) for y € (3,1) and 1y € (0, 00] by 8(z5) = () N C(0, ), X).

THEOREM 13 [7]. If Yy € (3,1) and x, € X" then there is a t, >0 and a unique
X € 8Y(ty) such that x(0) = x,,.

THEOREM 14 [7]. If 1, € (0, 0), x € 5(t,) then either sup{||x(¢)|l, | t,/2 <t <1,}
= oo forally> 3 orthereisat,>tyand ay € 5(t,) such that y(t) = x(t) for all
0=srtr<u,.

REMARK 1. In [7] it is assumed that x(0) € X® for some & € (3, 1). This assump-
tion can be easily removed by choosing an interior point for a new starting point.

THEOREM 15 [7]. If infReo(A,) >a>0and vy € (3, 1) then there exist c,, c, €
(0, 00) such that for all x, € X with ||x,||, < ¢, there is a unique x € 5"(c0) with
x(0) = xq and ||x(2)||, < ¢, xoll,e ™ for t = 0.

REMARK 2. Observe that under the above assumptions [l|x(#)lll < ¢3]x,l, " and
llx(lll < c4llxoll 6~ for some c; and ¢, and for all # = 0. If, in addition, x, € D(A4)
then all || x|, can be replaced with || 4,, x|l

REMARK 3. If w € (0, 1) then the sign (+,0,-) of infRe 0(4,) is determined by
the classical Orr-Sommerfeld equation (Theorems 4, 5 and 9).

REMARK 4. If infRe 6(4,) < 0 then 0 is not stable [7].

3.6 Smoothness.

THEOREM 16 [7]. If x € 8'(¢y) and t, € (0, t,) then there exist ¢ € (0, ) and
B € (0, 1) such that |lix(t) — x(O)lll, < ct? for t €0, 1,].

The following theorem is also expected [2].
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THEOREM 17. If x € §(1,) then x, Ax € C*=((0, ty), }J), x €
C((0, 1), (L*(R))*) and p € C=((0, ), },) where p is as in the definition of S
(83.5).

PROOF. Suppose that x € 5(1,) N C"((0, ¢,), X”) for some n = 0 and some y €
%> 1). By Lemma 10 this assumption is satisfied for n = 0. Define g(t) =

=B, (x(1), x(1)) for 0 <1 <1,
Fixany 0 <7 <7 <1, <t,. There exists ¢ € (0, o0) such that for all¢, s € [7,, 7,]

g (1) — g™ (M < e(lr = s +lIx™(s) = x(e)],),
x(t) = f(1) + [le g (u) du,

f(,) = (_Ap)ne-Ap(z—f)x(T) + (_Ap)n—le_,gp(z—f)g(,r)
+ .04 e-Ap(l—f)g(n—l)(T)‘
Thereis a d € (0, o0) such that
Nf (e, <d forte[r,n],

g™ (e)l<d fort e[, 7],
lle=*"||, <dt™" fort € (0, 7,],
(e ** — Ve~ 4|l <dht™"" forh,t € (0, n].
Suppose that 1, <t <t + h <r,. Then

xM(t+h) = x"0)=f(t+h) —f(t) + ffl(e"‘p” — 1)e 4" g™(y) du

+/Tl+he-Ap(1+h—u)g(n)(u)du
N
A (t—u)( () )

+ [lem (g + h) — g™(u)) du
L

so that
(¢ + k) — x(D)], < h(a’ b d (=) 2= m)”

+d (1= u)lg™(u + k) = g(w)ll du

and therefore
g™ (e + k) — g ()l
<ch(t—7)"+ cdft(t —u) g™ (u + h) — g™ (u)ll du

for some constant ¢, (independent of 4 and ¢). This is a modified Gronwall’s
inequality [7], therefore there is ¢, € (0, o) such that forallT <t<r+ h<m,

g™ (r + h) — g (I < cyh(t — 7))

and hence [7] the mapping 1 > [/e™*'"*)g(")(s) ds is in C'((,, 7,), X*). Therefore
xm e C'(('rl, 7,), X7).
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By the induction principle x € C*((0,¢,), X¥) and by Theorem 1l x €
C=((0, ty), (L*(R))*). It is clear that x, x’, g € C*((0, t,), X), hence A, x=g—x’
€ C*((0, t,), X). By Theorem 9 Ax € C*((0, t,), 33 ). The observation

p= H((Ap — A)x + B,(x,x) — B(x, x))

completes the proof.
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