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NONLINEAR STABILITY OF ASYMPTOTIC SUCTION1

by

MILAN MIKLAVtlC

Abstract. The semigroup approach to the Navier-Stokes equation in halfspace is

used to prove that the stability of the asymptotic suction velocity profile is

determined by the eigenvalues of the classical Orr-Sommerfeld equation. The usual

obstacle, namely, that the corresponding linear operator contains 0 in the spectrum

is removed with the use of weighted spaces.

1. Introduction. A flow over a plane v = 0 in R3 given by

U(x,y,z) = (l-e-*,-l/R,0)

is called an asymptotic suction velocity profile [12]. R > 0 is the Reynolds number.

U satisfies the Navier-Stokes equation

9«.. 1
-g- + (v ■ v)v - -VPo + "F^Ü»       divü = 0,

with p0 = 0. In the present paper it is proved that the stability of U for small

perturbations which initially decay exponentially in the y direction and are periodic

in the x and z directions is governed by the eigenvalues of the classical Orr-Sommer-

feld equation [1,8,12], For precise statements see Theorems 4,5,9 and 15.

Rigorous nonlinear stability analyses for flows in (essentially) unbounded do-

mains are usually based on energy methods [3,4,5,13], and predict sufficient

conditions for global stability [8]. Recently, Galdi and Rionero [6] proved a universal

sufficient condition for global stability and it applies, in particular, to the asymptotic

suction. However, much importance is attached to (conditional) stability analysis of

some special flows over an infinite flate plate [1,8,12], In these cases the most widely

accepted stability analyses are based on studies of the eigenvalues of the Orr-

Sommerfeld equation [1,8,12], but no rigorous justification was known.

Let ha denote the function ha(x, y, z) = e~ay for v > 0 and a G C. Assuming that

to > 0 and that

v = (1 - A, + huux,-\/R + huu2, h„u3),
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p0 = hup is a solution of the Navier-Stokes equation, we find  the following

equations for u = (ux, u2, w3) andp:

du      1  .     ,   2to — 1 du  ,   ,,      ,  . 3i/  ,  u — u2
■dï-RAu + —R—dy-+{l-h^ + -nr-U

,   / .        Jp   «i 3p \ I     du I du \ du\
+ \h^2 + Tx'Ty-"P<Tz)+h»\U<dx-+U2\Ty-"U)+U^Tz)=^

dux      9m3      du-,
-X-H -r-h -r-to«, = 0.
ox       dz       dy

This set of equations (perturbation equations) will be studied in the present paper.

As mentioned above, u and p are assumed to be periodic in x and z. In §2 the

Fourier components for u and p are analyzed. The full problem is studied in §3. In

§3.5 the corresponding abstract semilinear parabolic equation is introduced and

analyzed. In §3.6 it is shown that all solutions of the abstract problem are infinitely

differentiable in time in the classical sense. In order to preserve simplicity no

attempt has been made to obtain classical spatial smoothness [2]. Therefore, the

results presented in §3.5 apply to the perturbation equations, provided that the space

derivatives are obtained by termwise differentiation of the Fourier series.

I am indebted to M. Ahrens, R. C. DiPrima, G. P. Galdi, D. D. Joseph, S.

Rionero, H. Weinberger and P. F. Zweifel for several illuminating discussions.

2. Fourier components.

2.1 Preliminaries I. Throughout % (%J) denotes the Hilbert space L2(0, oo)

(/-fold product of £2(0, oo)) and || - || represents either the norm in % or %J,

depending on the context. The set of all complex valued functions which are

absolutely continuous on [0, a] for every a > 0 is denoted by @,G.

Several operators on % appear frequently and are defined as follows:

q)(T0)={fEâGn%\f'E%},      T0f = f,

öD(£,) = {/G6D(£0)|/(0) = 0},       £,/ = /',

6D(r) = {/G<5¡>(r1)irl/G6D(r0)},     r/= -/"•

For Re(z) > 0 define F(z), G(z) E <$>(%) by

(F(z)g)(x) = fe*^gis)ds,    (G(z)g)(x) =fe^g(s)ds.

In the obvious manner define operators Txu\ £0>: %J -» %J by

r/7) = Tx 8 • • • 0 r,    and    TU) = T ® • • • © T.

Observe that F(z) = (z + £,)"' and G(z) = (z - £0)-' for Re(z) > 0. The function

ha(x) = e~ax, a E C, x > 0, will be usually considered as a multiplication operator

on % with its maximal domain.

Lemma 1. Suppose i G C, y G R, £ > 0 and S = £/£ + (2y - l)£,/£ + i. Then:

(a) z G a(S) iffR(lm(z - i))2 ^ (2y - l)2Re(z - i) and Re(z) > Re(i).

(b)Ify^L2thenap(S)= 0.
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(c) If y < I then z E o(S)\cp(S) iffR(lm(z - j))2 = (2y - l)2Re(z - Í).

(d) If'z G o(S) and t = ]j(y - {f - R(z - i) with Re(i) > 0 then (S - z)"1 =

RF(t -y + \)G(t + y-{).

(e) If y = {,  <pG(0, TA/2],  r > 0,  a < Re(i) - (\lm(i)\cos<}> + r)/sin<b  and

\arg(z — a)\E [<#>, tr] then z G o(S) and

ll(5-z)-'||^},

x-i 1      llm(^) [ +-A-
||(S-z) 'll<-

\\T(S-z)

| z — a |      r sin <p

11     sin<p

Proof. Conclusions (a) through (d) are obvious. Using the spectral resolution of T

one can easily obtain

„at     r'„<i1/|Im(z)l   ifRe(^o,
ll(T_Z)   Hl/M ifRe(z)<0,

and

I.7YT       Y-'ii Jl2l/lIm(z)l    ifRe(z)^0,
l|r(7"z)   '^{l ifRe(z)<0.

These bounds imply (e).

From now on it will be assumed that a, ß E R, u, R G (0, oo), X = \Ja2 + ß2 G

{0} U (to, oo) and

5 = -£+-^£, + -s- + ,«.

The following technical lemma is needed.

Lemma 2. Suppose that <i> G (0,7r/2] and

X2       5A+ 4       17|to2-to|+4
a^ w^-:-!-!-

2£ sin<p £sin2<p

7/|arg(z - a) |G [</>, w] rAjevj z g o(S) and

||(S-*)-'||<        ,4* .      ,   ||(5 - z)"1"
8£ + A2sin<f> 2(X+ 1)

(s-')''ll <,'.,„.,..  \\is-z)-h<
z - a|sin</> | z | sin <p '

\\T(S - z)-
-i„       2£

sintp
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Proof. Define

A2 sin «ft   .....     .   .       .   ,   17|to2-to|+4       to-to2 .
^^+5A + 4-|«|cos<i>+-      Rsin<>      ■ + —^-sm*,

_        1 _ ,   A2 + to - to2       .
Sx = -T+ --- +ia-z.

Lemma 1 implies

lir.Sf'ii^iisr'ii'^iirsf1!!1/*

So that

2to- 1

£     ^1/2

R
£,S,

-i
<J.    (S - z)-' = SX\X + ^^TXSX^ .

Bounds on Sx as given by Lemma 1 imply Lemma 2.

2.2 Pressure.

Theorem 1. For every v — (vx, v2, v3) E %3 there exist a unique u = (ux, u2, u3)

E %3 with u2 G ty(Tx) and a unique p E ty(T0) such that

vx-ux+ iap,    v2- u2 + (T0 - u>)p,

v3 — u3 + ißp,       iaux + ißu3 + (£, — to)«2 = 0.

Moreover, if X = 0 then ux = vx, u2 — 0, u3 = v3 and p = -G(u)v2; and if X> u

then

p = F(X- u)G(X + u)v0 - (\/X)G(X + u)v0 - (l/X)F(X - tc)(v0 - Xv2),

ux= vx- iap,

u2 = XF(X — to)G(A + u)v0 — F(X — u)(v0 — Xv2),

u3 = v3- ißp,

where v0 = Xv2 + iavx + ißv3.

Proof. Do the obvious thing.

Let p, u and v be as in Theorem 1. Define £: %3 -» %3 and IÎ: %3 -> % by

£t; = u and tlv = p. Let % be the range of £, i.e. % = {u E %3 \ u =

(«,, u2, u3), u2 G 6¡)(Tl) and iaux + ißu3 + (Tx — u)u2 = 0}. Clearly, 9L is a Hu-

bert space.

Theorem 2. (a) IfX = 0 then ||£|| = 1 and\\tl\\ = 1/to.

(b) 7/A > to íAieAj ||£|| < 5A2/(A2 - u2) and ||ft|| < 4A/(A2 - o¡2).

Proof. Note that ||£(z)|| = ||G(z)|| = 1/Re(z) for Re(z)>0. This fact and

Theorem 1 imply (a). Let p, u, v and v0 be as in Theorem 1 and assume that A > to.
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Define a = ]¡\\vx\\2 + \\v3\\2, so that ||o0|| < A(||u2|| + a) and ||ü0 - Xv2\\ < Xa. Hence

iwi< A^di^n+ «) + rb^11 + a)+ xh;a

^^^(2a_w)2 + 9A2,
A2-to2VV

NI2 + ll"3ll2 < (ll»ill + II«/'!!)2 + (INI + ll/rf < (a + M2

A2||i>||   ^2/' /„X2\2\

A2-to2 (-fr-(-(x)T
and

2A2 + toA    <   A2||ul|

A2-to2"' A2-to2 0< X2- 1 + (2 + xi

These bounds give part (b).

2.3 The linear operator. In accordance with the perturbation equations define Â :

3C3-3C3by

(Au)x = 5m, — iahxux + hxu2,

(Au)2 = Su2 — iahxu2,

(Au)3 = Su3 — iahxu3

for u = («„ u2, u3) G %Â) = öD(£) X %T) X 6D(r). Define ̂ : 91 -» 91 by i^

= £Ím for w G %Âp) = öD(i) n 91.

Theorem 3. If a = 0 >ai<?aj ^(i^) = cl,(S) ûaîî/ a(Âp) = a(5).

Theorem 4. If a # 0 íacaa

(a)o(S)\0Lí(S)CaU/(),a«í7

(b) ¡/ z G a(^l/,)\a(S) í/ieAA z is an isolated eigenvalue of Â , -2/(1 + 2A)2 <

Im(z)/a < 1 íaaj<7

„ t s             ÍA2 + y-Y2 l«l    /       2A 1        \Re(z)>max|-L-JL - ^^ ( ̂ ^^ + ^—^ ) | Y G R,

|Y-l/2|<|to-l/2||.

Theorem 5. 7/ to G (0,1) and Re(z) < 0 then z Ea(Âp) iff there exists <f> G

L2(0, oo) îmcai that:

(1) 4>"" - 2AV + A4<p = -<p"' + A2<)' + R(ia - iahx - z)(4>" - X2<b) +

iaRhx$,

(2)<K0) = </>'(0) = 0,<pz0,

(3) /„»** | \tfJ\x) + 4V+ ]\x) \2dx<oo forj = 0,1,2.
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Theorem 6.If<j>E (0, tr/2],

< _A*_      5A + 4       17|to-to2|+4

a^ 2£ sin<¡> Rsin2<¡>

aAíí7|arg(z — a)|G [<p, 7t] then z $ o(Ap) and

\\( Â   -  r1,, -       l6R       X + u
ll[   p     Z)   !l< 8£ + A2sin<p|A-"l'

16 A + to

| z — a | sin <p | A — u | '¡4-*r'i
2   -   \~\\ 32       A + to

'     Z'   "^ |z|sin<i) |A-to|'

i„      22£   A + to
\\T°\Ap-z)

sin </> | A — to |

Theorems 3-6 will be proved in §2.4 for the case A = 0; and in §2.5 for A > to.

The techniques used are similar to those in [11], The essential observation is made in

§2.5, Lemma 4. Much more could be said about the spectrum, see [10,11].

Theorem 7. 7/z G C, t > 0, <t> E (0, tr/2) and

< _tf_       5A + 4 __  17|to-to2|+4

~~ 2£ sincb £sin2<p

then

14 A + to      „,
k-vii<

sin2 (p cos (p IÀ ~~ w I

/-        \    : l^l+ll     A + tol
IIM   + z)e'A''\\ < —■--e'al
W\AP^z)e      II     sin^cos^ |A-to| t       "

Proof. Let ax < a and <p, G (<p, 7r/2). For x G R define y(x) =|x|cos^>, —

/xsintj), + ax, so that

J_ fe-^'yw)\y'(x)\dx= -î-e-a''.
2tr 7R i f v   /1 mt cos ^

By Theorem 6

t  i   \      ; \-1„       A + to     16 1

t-M-A,)   ^VX^U\^^(a-ax)smW

Hence [7,9]

m   -in, ^.   A + to 16
\\e V  <

| A — to| wsintpsintp, coscp, (a — ax)t

Now let (a — ax)t — 1 and <i>, -» <i>.

By Theorem 6

;z + rW)(vW-i,r'll*^(2lzl + ̂ )
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and hence

\\\*P^ z)e      ||      |X_U| sin<|)COS<i)i  te     ■

2.4 Case X — 0. Observe that in the case A = 0, 91 = {v — (vx,0, v3)\vx, v3 G

%},(Âu)x = Sux,(Âu)2 = 0, and (Âu)3 = Su3 for u G <>i)(Âp). Thus, Theorem 3

holds. Lemma 2 implies Theorem 6. If to G (0,1) and Re(z) < 0 then z £ o(Ap) by

Lemma 1. It is easy to see that if Re(z) < 0 then there is no <p E L2(0, oo) for which

conditions (l)-(3) of Theorem 5 hold.

2.5 Case A > to. Define W: 91 -» %2 by (Wu)x = ßux - au3 and (Wu)2 = Xu2 -

iaux — ißu3, where u = (ux, u2, u3) G 9L.

Lemma 3. \\W\\ = X,  W~] exists and \\W-{\\ = A2 + <o2/(A(A - to)). If w =

(wx,w2) G %2 then

_ iaw2 + ßwx       ¡a
(IF V), --^-£(A - u)w2,

2»(R/-|w)2 = £(A-to)H-:

Au/-i   A   _ t/JH>2 - aw,        ,/7
(W   w)3--y£(A-to)w2.

Furthermore, W(sD(Âp)) = <®(T) X <$(£) and if w E ty(T) X <$(£) *A<?/i

/Ä^o7
l|r<3>H/"'wil* ma-to)l|r(2>w|1 + V x3^FaMl3/4IMI,/4-

Proof. Suppose that u E 91 and w = Wu. Then ||w||2 = A2||ia||2 - 2Ato||w2||2 and

A2||u||2 = |M|2 + 2Ato||£(A-to)w2||2. IfwG^T) X 6D(£)then

£(3)H/-'w- W-'T™w= i-^-v,v,-fv

where  v = (££(A — u) — F(X — u)T)w2 = -w2(0)hx_„.   By   Holder's  inequality

| w2'(0) | < 4211 Tw2113/411 w211 '/4 and therefore

V    A —  tO

Define D: %2 ^ %2 by

(£>*>), = (5 — /aA,)^, + ßhxF(X — u)w2,

(Dw)2 = (5 - /a/i, + 2iaXG(X + to)A,£(A - u) - iahxF(X - u))w2

for w = (w„ w2) G 6D(77) = <SD(7") X <$(£).

Lemma 4. o,(^) = 07,(7)), o(Âp) = o(D) and (Âp - z)"1 = W~\D - z)~]W for

z G o(D).

Proof. By Lemma 3 it is enough to show that WÂpu — DWu for all u E fy(Â ).

Let u E ^(Âp) and v = Au. Then

[Apu)x = vx — iap — (S — iahx)ux + hxu2 — iap,
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{Âpu)2 = v2- (T0 - u)p = (S - iahx)u2 - (T0 - u)p,

{ÀPU)3 = u3 - 'ßP = iS- iahx)u3 - ißp,

íorp as in Theorem 1. u2 — F(X — u)(Wu)2 by Lemma 3 and therefore

{wÂpu)x = (DWu)x,

{wÂpu)2 = (S - iahx)(Wu)2 - iahxF(X - u)(Wu)2 - A(A - to + T0)p.

A simple computation of (A — to + T0)p finishes the proof.

Define £n,£12, 7722 G$(3C)by

Bxx = -iahx,    £12 = /JA,£(A-to),

£22 = -I'aA, + 2iaXG(X + to)A,£(A - u) - iahxF(X - u)

= -iah, + Y^hxG(X + to + 1) - Y^2xF(X -»+ l)A,.

Denote

_ ¡Bu     Bn\

B»-\0       B22j

and 5(2) = (£s°), Q)(Si2)) = %T) X ty(T). Therefore 77 = 5(2) + BM.

Lemma 5. (a) o(S)\op(S) C o(D).

(b) If z G a(D)\o(S) then z is an isolated eigenvalue of D.

(c) op(S + 77„) U (op(S + B22)\a(S)) C 0,(77) C op(S + Bxx) U op(S + B22).

Proof. Bm is bounded and S(2)-compact since A, G L°°(0, oo) n £2(0, oo) [9]. This

implies (a) and (b) [9]. It is easy to verify part (c).

If a — 0 it is easy to see that a(D) = o(S) and 0,(77) = a (S) (also by Lemma 5).

This proves Theorem 3. Lemmas 4 and 5 also imply Theorem 4, except for the

bounds on the eigenvalues.

Lemma 6. Suppose that y ER,\y — {-\<\u — {-\ and z G o(S).

(a) IfzEop(S + B22) then there exists g E 6D(£), g ¥= 0, such that

/I,,,   2y - 1 „   ,   A2 + y - y2   ,   .
Zg= \R R        ■      -R- + ia-iahx

+ Yvk^G{x + y + 1} " YT2XF{X- y + 1}/Il)g-

(b) 7/z G op(S + Bx,) then there exists g G %T), g ¥= 0, ímcA /Aaí

zg= (^r+ ^r, + *±p¿ + /«-/«*,)*

(c) 7/ 1 + y — u s* 0 ¿AeA! the converses of parts (a) aA¡t7 (b) hold.

Proof. Define i = /l/4 + A2 + £(.'a - z) and note that Re(£) >| w - {- \. Ob-

serve also that if Re(s) > 0, Re(s + a) > 0, / G % and Aa/ G % then haF(s)f =

F(s + a)hj and haG(s + a)f= G(s)hJ.
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Suppose that z G op(S + B22). Lemma 1 implies that there exists/ G 6i¡)(T),f^=0,

such that

/=   RF(i -ic+ 1/2)G(| + u- 1/2)A,^

where

^(-'Ö+T^^A + W+1)-T+%Ä^-^

This implies that

/= -Rhy_aF(i - y + \/2)G(Í + y - 1/2)A,_7+^.

Ifg = Aw_Y/then

g = -RF(Í -y+ \/2)G(i + y - l/2)(-*«A, + y^hxG(X + y + 1)

and this proves part (a). If 1 + y — u > 0 then one can go backwards in a similar

way. The same proof applies for part (b) and its converse.

The following lemma completes the proof of Theorem 4.

Lemma 7. (a) 7/z G op(S + B22)\o(S) then a¥=0, -2/(1 + 2A)2 < Im(z)/a < 1

and

„ /   v             ÍA2 + 7-y2 l«l     /       2A 1 \,Re(z)>max-TL-L-   - -^ ( JTXT7 + ^^j^ ) | y G R,

|y-l/2|<|to-l/2|

(b)   If z G ap(S + Bxx)\o(S)   then   a =£ 0,   0 < Im(z)/a < 1   and   Re(z) >

(A2 + 1/4)/*.

Proof. Suppose that y G R, \y - \ |<|u - { | and z G op(S + B22)\o(S). By

Lemma 6 there is g E fy(T), g ¥= 0, such that

(z - ia - À2 + ^~ï2)llgll2 = ^F,g||2 + ^JT-ftg, g) - ia(hxg, g)

2iaX ta
+ TT2X^G{X + y + 1)g'^ " TTIX(F(X " y + 1)/I|g'*>■

Therefore

ÍRcL-)      X2 + y-y2\\\z\\2-     2MX      M' |a| Hg"2
(Re(z) R j||g||   >-1+2aA + y+1       1 + 2aa_t+1-

By choosing y = j one obtains

(^-l)ll,ll2 = -(^,,) + T^H(^(A+|)g,g)

Re((£(A+i)A,g,g)).
1 + 2A
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If7=V2Sthen

^llgl|2 = ((l-^)g»g) + ^^l|F(A+l)/||2

-T^Re((^A+1/2^^'^>^A7

and

(^ - i)llrf = -ll/ll!+ n^ll^ »/II1- TTñll^)/»2

•=(-' +T^XÄTtH^0'
Lemma 8. Suppose that u < § íaazí/z G o(S). £Ae7î z G op(5 + £22) iff there exists

4> G L2(0, ce) such that:

(1) <f>"" - 2A2<p" + A4<p = -<f>'" + A2(¡>' + R(ia - iahx - z)(<b" - X2(b) + ,a£A,</>.

(2) 0(0) = <f>'(0) = 0, 0 z 0.

(3) /oVlAtp^x) + #r>+l)(x)pdx < oo forj = 0, 1,2.

Proof. Suppose that z E op(S + B22). Let g be as in Lemma 6(a) with y = j.

Define <;> = F(X)hx/2g. A straightforward computation shows that 0 satisfies the

above conditions. The converse statement follows from Lemma 6 in a similar way.

Thus, Theorem 5 is proved. Theorem 6 follows from Lemmas 3 and 4 and from

the following observation.

Lemma 9. Suppose that <J> G (0,7r/2],

X_      5A + 4       17|to-to2|+4

~~ 27? sin<i> Rain24>

and\ arg(z — a)|G [0, it]. Then z G a(D) and

v-l„    .        32 „mm, „ ,-!,,   _     87\
:^>-^)   II^TTT^TT.    Il^ifl-z)

z|sin<p sintp

Proof. Recall that 77 = S(2) + £M and note that

PWII2<P„||2 + ||7722||2 + P12||2

A 2A A 1
«a +^ +lA+2TTTÄ+-

<A2 + (A+1)2<(|(A+1))

lA + to+1       2A+ 1 A - «+ 1

2

By Lemma 2 \\BM(Sm - z)~\\ < pw||||(S - z)-'|| ^ | so that

||(l+£w(S<2>-z)-')"1||<4.
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3. Solution.

3.1 Preliminaries II. Fix a0, ß0 E (0, oo) and let ß = [0,2Va0] X [0, oo) X

[0,2tt/ß0]. Denote by ||| • III the usual norm on either DC0 = £2(S2) or %3. LX(Q) and

(£°°(ß))3 norms will be denoted by ||| • M«,, with convention that HluHloo =

max.-dllM.-HL} for u = («„ u2, u3) E (£°°(ß))3.

For n, m E Z and x, z G R let <t>nm(x, z) = e,"a»x+"nß»z. Recall that if fnm E %

for n,m EZ and 2„J|/nm||2 < oo then l„mf„m( y)<¡>„m(x, z) defines an fE%0.

Moreover, every/ G %0 can be uniquely expressed in that way. Thus, one can define

Q„l G <$>(%0, %) for n, m E Z by Q™f = f„m. Observe that for every/ G 3C0

Ill/Ill2 = ̂ f 1llßiü/ll2.
aoPo nm

Define Qnm E <&(X30, %3) for n, m E Z by Qnmf= (ß<'A/It Q^f2, Q™f3) for

/=(/„/2,/3)e9C3.

Choose any to > 0 such that to < a, = min{a0, ß0). R G (0, oo) is the Reynolds

number. Fix any n, m E Z and let a = na0, ß = mß0. Now, for these numbers

a, ß, to, R define

Xnm=ia2 + ß2 G{0} U(u,oo),

9l„m = 9L   as in §2.2,

£„m = £   as in §2.2,

n«m = n    as in §2.2,

Anm = i   as in §2.3,

Ap„m = Ap   as in §2.3,

_    ,.*_*«»       $Km + 4       17|to-to2|+4    f     ._/„«
"*-(♦>-  2Ä  ~ "5*-WT"    f0r<í>G(°'2

3.2 Pressure. Define ("gradient") C0: DC0 -> %q by

(1)/ G 6D(C0) iff Q„Zf e 6D(r0) for all ai, m G Z and

2Foô^/ll2 + ("2 + ^2)llô^/ll2<^.
nm

(2) QnmC0f= (ina0Q^f,(T0 - to)ß<',>/, imß0Q^f) for all n, m E Z and all

/G6D(C0).
Define ("divergence") C,: %03 "» ̂ o bY

(1) /= (/„/2,/3) G6D(C,)   iff   ßiü/a € q>(r,)   for   all   n, m G Z   and

2„J|.«a<A/. + (^i - «)0^A + imßoQ™f3\\2 < oo.
(2) Ö^C,/= iitaoß«»/, + (£, - to)ß<'/,/2 + imßoQMfi for all/G <B(C,) and

all n, m E Z.

The basic working space will be A'= {/G 6D(C,)|C1/= 0}, equipped with the

DC03 norm. Clearly, if / G 3C03 then / G X iff Qnmf E %nm for all n, m G Z.

Theorem 8. £w eueAy v E %q there exists a unique u E X and a unique p G ^(Cq)

íiacA that v = u + C0p. Moreover, Qnmu = £„mô„mu and Q^mp = n„mß„mu for all
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n, m E Z. Furthermore,

u ^lllolll   and   lllpIH^IIIolllmaxí-.-^L-
a2 — u [ w    a a

Proof. See Theorems 1 and 2.

Let u, v and p be as in the theorem above. Define £ G <$>(%q) and il G

W3, 3C0) by £ü = « and lie = p. Observe that ß„m£ = PnmQnm and ß'Alü =

nnmßnmforaH"»w GZ.

3.3 £Ae linearized operator. Define A : %l -» 3Cg by

(1) «e<S>M)  iff ß„„,M G ¿D(£<3>)  for all  n, m E Z  and 2„m||£(3)ß„ma||2 +

(AA2 + AAA2)2||ß„„,M||2<&0.

(2) QnmAu = ¿„mß„mu for all n, m G Z and all m G <3)(¿).

Define Ap: X - A by ^D^) = ÜD(^) n X and ^u = £4M for all u E %Ap).

Observe that for all u E bD(Ap) and all ai, m G Z, ß„„,w G %Apnm) and ß^^w =

Theorem 9. (a) a,(¿„) = Unm op(Apnm), o(Ap) = U„„, o(Apnm).

(b) If u EX and z^ a(Ap) then Qnm(Ap - z)~xu = (^„m - z)~lQHmu for all

n, m E Z.

(c) If z £ o(Ap) then A(Ap - z)~l E %(X, %¡).

(d) 1/4, E (0, it/2], a « min„m{HMm(0)} a,«/| arg(z - a)\E [<p, ta] then z S a(^),

, ._i a, + to
UK-)   II < 2^,

iiK-^ii^i—l*.   *l + u.
"v   p       '   "      |z - a I sin (p a, - to

Proof. It is easy to see that op(Ap) = Unmop(Apnm) and that Unmo(Apnm) C

o(Ap). Fix zG Unma(Apnm). By Theorem 6 there exists c G (0, oo) such that

(1 + ai2 + m2)\\(Ap"im - zV-'H < c and ||r(3)(^„m - z)-'|| <£ c for all ai, m G Z. This

implies that sup„„,{||^„m(^„m - z)-'||} < oo. Thus, if Ax: X-* X is defined by

QnmAxv = (Apnm - z)~]Qnmv, vEX,n,mEZ, tbenAx E %(X),AAX E %(X, %3)

and Axv E ^(A,,) for all v E X. It is easy to see that Ax(Ap - z) C (Ap - z)Ax = 1

and hence Ax = (A — z)~]. This proves conclusions (a), (b) and (c). Part (d) follows

from (b) and Theorem 6.

Theorem 10. If t > 0, y > 0, a < inf Re o(Ap), n, m E Z and uEX then

Qnme-A?'u = e-A"-'Qmmu and Qnm(Ap - a)^u = (Apnm - a)-yQ„mu.

PROOF. Define Qpnm E %(X, 9l„ J by Qpnmv = Q„mv for v E X. Then, for a

suitable path in C [7,9], one has

QPnme-A't=J-Qpnmji*-ApYXe-ndz

=   2^iliZ-Apnm)Xe"ZQpnmdz

= e-Ap""''0
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Similarly [7],

Qpnm(Ap - a)-y = f^QpnmjQ sTW-^ds

1 Z*00

= 7Tt/  ^^A^-")sQpnmds
Uy) jo

= [Äpnm ~ a)     Qpnnr

3.4 £Ae nonlinear operator. A simliar version of the following theorem can be

found in [2].

Theorem 11. If y > f and a < inf Re o(Ap) then there exists c E (0, oo) such that

for all vEX, \\\(Ap - a)~M\L < c\\\v\\\.

Proof. Define a norm on (£°°(0, oo))3 by IMI«. = rnaXj-fJlH,!^} for u —

(ux, u2, u3) E (£M(0, oo))3. Note that if /G Q)(T) then H/l^ ^ y2||£/||'/4||/||3/4.

Fix 4» E (0, it/2) and s < min„m{E„„(<*>)}. Then

INI. < fi\\T(3)iApttm - s)-\Apnm - ^«ll'/4!!«!!3/4

^(ü^)1/4'K^-)"'t,/4ít«¡í3/4

= c0lK^«-í)«lll/4IMI3/4

for all ai, m G Z and all m G 6D(^1/Jnm). Now, following [7], let Inm be the identity

map from 9lnm into (£°°(0, oo))3. Clearly, Inm is a closed linear operator and

Inme~Ai"""'u is a continuous function of t for t > 0 and « G 9lnm. Hence for every

u G 9lnm the following holds:

A"00

/ ^"'lILi^'"""'«!»«*
•'o

/•OO

Co/   íy_1ll(v4„„m-s)e-(V».-^l<||>/4||e-(V„-í)«tí||3/4í/íCn

Jo

/•»      ,/    M+11    \'/4/ 14        \3/V +(o
<ll«l|c0/ r1—--—       ■    w eu-ïnj*))i dt

% \rsin«pcos«p/     \sin2<pcos<p/     a,-«

= cx\\u\\(Enm(<¡>) - s)^-y.

The last inequality is implied by Theorem 7. Therefore

VnÁApnrn " ^«L < C2(^«(*) " ^'^INI

for all ai, au G Z and all u E 9lnm. Therefore, for every cei

HIM, - s)-yv\\L < 2ll/„mßnm(^ - ^»IL = l\\UApnm - s)-7Qnmv\\x
nm nm

•= c22(^,«(*) - i)'/4^Y!lß^ll « C3||H|| < 00.
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The following observation concludes the proof [7]:

HIM, - a)-yv\\L = HIM, - s)-y(Ap - s)y(Ap - aYWlL

Define By. %¡ - %q for/ = 1,2 and 3 by

"D(£,) = (WG%;03|2«2||ß„m"l|2<^),        QnmBxu = ,na0Qnmu

%B2) = |« G 3C03|ßnm« G 6D(T-,'3»), 2l|r,<3)ßBm«||2 < oo [,

ß„m*2" = T¡3)Qnmu,

<5D(773) = { « G 3C03| S w2|lßnm"H2 QnmB^ = »"ß0Qnmu.

The following theorem is similar to the preceding theorem and its proof is based

on the same ideas [2,7].

Theorem 12. If y > { and a < inf Re o(A) then there is a c E (0, oo) such that for

allv EXandj= 1,2,3, |||B,(i4, - s)_Tt>||| < c\\\v\\\.

Proof. Fix <j> E (0, tt/2) and s < min „„,{£,,„,(<£)}. Theorem 7 implies that for all

ai, m G Z

1      r00
^--J)   H^Pm/   ty-]\\eHA>""-s),\\dt

T(y)J0

^ —!-(H    (ó)-i)   .
al        w  Sin   #COS<í>

This proves the theorem for/ = 1 and 3 (and also for y = 1/2). Observe that for

ai, m G Z and t > 0 the function í -» T\3)e~A""•'•' is continuous. Theorems 6 and 7

imply that

||7'<3Vi"<'V»»-f)'|| =£ ||7'<3V-M/"'»^J)'|||/2||e"<'4'"'"'_JS)'||1/2

22£ a, + to

sin $ a, - oí ¡

1/2

HM,„m - j)e-<^"-')'||»/2||e-(^.--')'||i/2

< c /-|/2e"(=»»'(<í')~í)'

where c, does not depend on ai, m E Z. Therefore, for all ai, aai G Z

F,<3>M,flm -1)1 < C'r(r(y)1/2)(^(») - í),/"r

which proves the theorem for/ = 2.

Fix any ¿a < inf Re o(A) and define [7] for y > 0 a Banach space A"1, with norm

|| • ||y by xy = %(Ap - aY) and \\x\\y = HM, - ayX\\\.
FoTu = (Ui,u2,u3) EXy,y> i and v E Xs, S > 1/2, define B(u, v) G %3 by

£(w, u) = (Auw,)£,u + (Au"2)(52 - «)« + ih„u3)B3v
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and let Bp(u, v) = PB(u, v). Clearly, £ is a bilinear operator and for every y > |

and ô>^ there is b such that |||77(h, t>)||| < ¿>|MlyIMIs for all u E Xy and all
v E Xs.

3.5 Stability. For i0 G (0, oo] define a set S(r0) by x E S(a0) iff:

(i)xEC([0,tQ),X),

(ii) x(t) G fy(A) and dx(t)/dt exists in X for all t E (0, i0),

(iii) for all / G (0, í0) there existsp(t) E ^(Q,) such that

dx/dt + Ax(t) + B(x(t), x(t)) + C0p(t) = 0,

and

(iv) Bp(x(t), x(t)) is a locally Holder continuous function of t E (0, /0) and

jri\\\Bp(x(s), x(s))\\\ ds < oo for some t > 0.

By Theorem 8, (iii) can be replaced by

(iii') dx(t)/dt + Apx(t) + Bp(x(t), x(t)) = 0 for all t E (0, /„).

Therefore, the results of D. Henry [7] are directly applicable.

Lemma 10 [7]. If x E S(f0) then x E C((0, /„), Xs) for all 8 E [0,1] and for all

tE[0,t0)

x(t) = e-A>'x(0) - fe-A>('-s)Bp(x(s), x(s)) ds.

Define §y(t0) for y E (¡, 1) and t0 E (0, oo] by Sy(t0) = S(r0) D C([0, i0), Xy).

Theorem 13 [7]. If y E (|, 1) and x0 E Xy then there is a t0 > 0 and a unique

x E §>y(t0) such that x(0) = x0.

Theorem 14 [7]. If t0 E (0, oo), x E S(i0) then either sup{||x(0llv I t0/2 < t < t0}

= oo for all y > | or there is a tx > t0 and a y E §(i,) such that y(t) = x(t) for all

0<t<to.

Remark 1. In [7] it is assumed that x(0) E Xs for some S E (|, 1). This assump-

tion can be easily removed by choosing an interior point for a new starting point.

Theorem 15 [7]. If inf Re o(Ap) > a > 0 and y E (|, 1) then there exist cx, c2 E

(0, oo) such that for all x0 E Xy with \\x0\\y *S c, there is a unique x E SY(oo) waíA

x(0) = jc0 and \\x(t)\\y < c2||x0||ye-I"/or t > 0.

Remark 2. Observe that under the above assumptions HU^)!!!,» *£ <^3ll-^ollY^"' an^

|||x(r)||| < c4||x0||ye^a' for some c3 and c4 and for all t » 0. If, in addition, x0 G ^(A)

then all \\x0\\y can be replaced with |||^4 jc0|||.

Remark 3. If to G (0,1) then the sign ( + ,0,-) of inf Reo(^4,) is determined by

the classical Orr-Sommerfeld equation (Theorems 4, 5 and 9).

Remark 4. If inf Re o(Ap) < 0 then 0 is not stable [7].

3.6 Smoothness.

Theorem 16 [7]. If x E Sr(i0) aAi<7 tx E(0,t0) then there exist c E (0, oo) and

ß E (0,1) such that \\\x(t) - x(0M«, < ctß for t E [0, r,].

The following theorem is also expected [2].
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Theorem    17.   If   x E S(r0)   then   x, Ax E C°°((0, t0), DC03),   x E

C°°((0, f0),(£°°(ß))3) and p E C°°((0, r0), 3C0) wAeve p « oï iai íAí> definition of S

(§3.5).

Proof. Suppose that x G S(/0) n C"((0, i0), Xy) for some ai > 0 and some y G

(|,1). By Lemma 10 this assumption is satisfied for ai = 0. Define g(t) =

-Bp(x(t), x(t)) for 0 < í < r0.

Fix any 0 < r < tx < t2 < t0. There exists c G (0, oo) such that for all t,s E [t„ t2]

|||g<">(0 - g<»>(s)||| < c(|l - 5 | + ||jC<B>(i) - X(")(0||Y),

x<">(0 = /(<) + f'e-A^-uYn)iu)du,

f(t) = M,) V^«-Mt) + (-^J'-'e-^'-^T)

+ ... + e-4/'-T>g<"-1)(T).

There is a t/ G (0, oo) such that

||/*(/)||T<rf   forre [t„t2],

|||gc>(i)lll<d  forre[T,T2],

||e" V||y « ¿ri   forre(0,T2],

\\ie-A'h - l)e-Ar'\\y<dhry-{    îorh,tE (0,t2].

Suppose that t, < I < / + A < t2. Then

x("\t + A) - *<B)(i) = /(f + A) -f(t) + f\e-A'h - l)e-Ap{'-uY"\u) du
•'t

+ p+he-A^,+h-"Yn)iu)du

+ /V-V'^VX" + a) - ?(n)(")) <**

so that

ii*<">(i + a) - x<">(oiiy < *(rf+ ^2(i - x,r + t72(i - r,r)

+ rff(r - u)-y\\\g<"\u + A) - g<"»(")lll du

and therefore

|||g<">(f + A)-g<'"(0lll

< cxh(t - r,r + cd fit - u)-y\\\g<"\u + A) - g(->(tt)|||<Ai

for some constant c, (independent of A and r). This is a modified Gronwall's

inequality [7], therefore there is c2 G (0, oo) such that for all t, < t < t + A < t2

|||g<")(í + A)-g<")(0lll<c2A(í-Tir

and hence [7] the mapping t -* fif-**'-'Y'\s)ds is in C'((t„ t2), Ary). Therefore
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By the induction principle x E C°°((0, i0), Xy) and by Theorem 11 xE

C°°((0, f0),(L°°(ß))3). It is clear that x, x', g E C°°((0, r0), X), hence Apx = g - x'

E C°°((0, i0), X). By Theorem 9 Ax E C°°((0, /0), 3C03). The observation

p = n(M, - A)x + Bp(x, x) - B(x, x))

completes the proof.
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